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Berry’s phase in the Floquet representation 

G B Furmant 
PO Box 2043, Qatnin, 12900 Isnel 

Received 20 June 1994 

Abstract. By means of the Flquet thew the investigation of Becry’s phase for the quanhlm 
system with time-dependent periodic Hamiltonian is Vansformed into the shrdy of a time- 
independent eigenvalue equation. An expression for the infinitedimensional mavix is obtained 
describing the Beny’s phase in tem of the FIcquet state. 

The topological phase for systems whose Hamiltonians ‘H(t) depend periodically on time 
and whose evolution has a cyclic adiabatic character was introduced by Berry [l]. Most 
subsequent generalizations of this phase have been confined to such system with a time- 
dependent Hamiltonian and have the prefix ‘non-’: non-Abelian [2], non-adiabatic 131, and 
non-cyclic [4]. 

Recently the Flcquet theory has been used to study Berry’s phase [5,6]. However, it 
was only used to calculate the evolution matrix [6] or the periodic part of the evolution 
matrix [SI and the expression of topological connection in the Floquet representation has 
not yet been obtained. 

In the present paper the Floquet theory is applied to the system whose Hamiltonian 
is periodic in time and whose evolution is described by a differential equation with 
time-dependent coeficients, and the investigation of Berry’s phase for such a system is 
transformed into the study of a time-independent eigenvalue equation. 

Let us consider a quantum system with a time-varying Hamiltonian whose dependence 
could be written in the form 

X ( t )  = V(f)XOV+(f)  (1) 

with 

v(t)v+(t) = 1 

and the unitary operator V ( t )  depends on the time cyclic, V(f + f,) = V( t ) ,  where tc is the 
period. 

The time-evolution operator U ( t )  of the system satisfies the equation @ = 1) 
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with initial condition 

U ( 0 )  = 1. (4) 

In order to find the Berry phase, let us subject the evolution operator to a unitary 
transformation 171 

G ( t )  = P( t )U( t )  (5) 

then the equation (3) for the transformed operators has the form 

The extra term i q  V ( f )  reflects the topological properties and a simple calculation yields 
the expression for the Berry's phase [71 

where 17) is an eigenvector of Hamiltonian 'HO: 

%Id = ~ f f l v ) .  (8) 

On the other hand, the general form of the solution of a differential equation with periodic 
coefficients is given by Floquet theorem 181 and widely used in various fields of physics 

In the present problem, the periodicity of the Hamiltonian 'H(t) allows us to Write the 
[S-121. 

time-evolution operator U@) in Floquet form [8] as 

~ ( t )  = P(t)e-"" (9) 

where the unitary operator P ( t )  has the same periodicity as X ( t )  and satisfies the equation 

dp(r) i- = 'H(t)P(t)  - P( t )H 
dr 

with initial condition 

P(0)  = 1 

and the time-independent operator H is defined by the expression 

(12) 

But in order to find the time-independent equation we will not use the unitary transformation 
1131. The next step is to expand the time-period operators X ( t )  and P ( t )  in Fourier 
series [ 8,9] 

1 H =--InU(t , ) .  
rc 

m 
X ( t )  = 7f"em.Z (13) 

n=-CO 
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and 

where on = 2rm/tc.  Substituting of these series into the time-dependent equation (IO), we 
obtain the time-independent infinite-dimensional eigenvalue equation [8,9] 

with the infinite-dimensional timeindependent Floquet Hamiltonian [8,9] 

x n - k  0n8nk. (16) 

Now, in order to separate the topological part from the time-independent equation (15). 
let us use the unitary transformation. It begins by expanding the unitary operators V ( r )  and 
V+( t )  in Fourier series: 

and 

It is easy to show that the Fourier components V, and V ,  satisfy the following expression: 

vjk h - m  = 8nm. (19) 
t 

Transforming (15) with the aid of the Fourier components V,, i.e. substituting 

CO 

Pm Vk-nFk 
k=-m 

gives the transformed equation 

and the infinite-diensional matrix @"-k reproduces Berry's connection in the H q u e t  
representation 
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Equation (23) is the main result of this paper. 
The time-evolution operator C( t )  can be expressed in the Floquet states [8] by 

where indexes a and ,3 represent an atomic state IS]. According to the adiabatic l i t ,  it 
is correct to retain only the diagonal part of the Hamiltonian (22) and an expression for 
Berry's phase in the Floquet representation is of the form 

As an example, let us consider a particle with spin S in an adiabatically precessing magnetic 
field H ( t ) ,  having constant magnitude. The Hamiltonian is 

W(t )  = y H ( t ) S  (26) 
where 

H(r) = Ho[L cos 0 + i sin 0 cos $( t )  + j sin 0 sin 4(t)]. (27) 
Here 8 and @(t) = ot indicate the direction of the magnetic field. Hamiltonian (26) can be 
written in the form 

W(t)  = %v(t)s,v+(t) (28) 

(29) 
is a unitary operator with time period t, = k / o .  If the adiabatic condition is fulfilled, 
o << WO, then only the diagonal part should be taken into account and simple calculations 
yield, from equation (25). the Berry's phase 

(30) 
This result was obtained early [l]. 

We close by noting that the topological part of the general phase can be found for 
the system described by the time-independent equation. It would also be useful to extend 
the unitary transformation (20) to a related problem, for example to find the interaction 
representation [ 121 after Fourier transformation. 

where 00 = ylHol and 
V ( t )  = e ius, ,ib'S,,-iotS, 

q/ = rr(1 - COSO). 
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